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Lesson 1

ALGEBRA

Task.  The skills and knowledge taught in this subcourse are common to all missile repairer tasks.

Objectives.  When you have completed this lesson you should be able to correctly solve equations using algebraic principles and involving exponents, radicals, and complex numbers.

Conditions.  You will have this subcourse book and work without supervision.

Standard.  You must score at least 75 on the end-of-subcourse examination that covers this lesson and lessons 2, 3, and 4 (answer 23 of the 30 questions correctly).

Algebra extends the scope of arithmetic by introducing the concept of negative values and the use of letters for numbers.  Letters used to represent quantities are called literal numbers.  An algebraic expression is any combination of signs, numerals, and literal numbers.  For example, a + b and x/2y are algebraic expressions.  Signs are used to indicate whether numbers are positive (+) or negative (-), or they may indicate operations to be performed, such as, add (+) or subtract (-).

THE ARITHMETIC

Multiplication of two algebraic quantities need not be indicated by a sign.  Just a position of terms can indicate multiplication.  Thus, a X b or a . b may be written ab.  In the expression ab, a and b are known as factors of the product.  Each factor of a product is known as the coefficient of the other factor(s).

The absolute value of a number refers to its magnitude, regardless of the sign preceding it.  Numbers not preceded by a sign are assumed to be positive.  For example, 8 is the absolute value of both +8 and -8.  To designate absolute value, write (8(.

An exponent is a number or letter which indicates the power to which a quantity (called the base) is to be raised.  It means the number of times the quantity is multiplied by itself.  Thus the expression ex is read e to the x power, signifying that e is multiplied by itself x times.

Any arithmetical or literal number, or the product or quotient of the numbers, is called a term.  For example, 4, x, 25b, and x/y are terms.

Terms which have identical literal parts are called similar or like terms, while those with unlike literal numbers are known as unlike terms.  Thus 7a and a are like terms, while 7a and 7a2, or 8a, and 8b are unlike terms.

Like terms may be added to or subtracted from each other.  For example, 4x may be added to 5x to produce 9x, or 10y2 - 3y2 equals 7y2, since the literal numbers are the same in each case.  The sum of numbers such as 4y and 5m2 must be indicated as 4y + 5m2 since y and m2 are unlike terms.

Addition

To add two numbers with the same sign, add their absolute values and write

the common sign before the sum.


+6 added to +3 equals +9


-6 added to -3 equals -9

To add two numbers with opposite signs, take the difference of their absolute values and write the sign of the larger absolute value.


+6 added to -3 equals +3


-6 added to +3 equals -3

Subtraction

To subtract a quantity from another, change the sign of the quantity to be subtracted, then add the quantities following the rules of addition.


(-6)  -  (-3) becomes (-6)  +  (+3)  =  -3


(-3)  -  (-6) becomes (-3)  +  (+6)  =  +3


(+6)  -  (-3) becomes (+6)  +  (+3)  =  +9


(+6)  -  (+3) becomes (+6)  +  (-3)  =  +3

Polynomials

An algebraic expression containing two or more terms joined together by a plus (+) or minus (-) sign is called a polynomial.  Thus, the expressions a + b - c and ab - ac are polynomials.  A polynomial with only two terms is known as a binomial; one with three terms is known as a trinomial; and a single term such as a, b, 10a2b is a monomial.

Polynomials are added and subtracted the same way single terms are.


Addition
Subtraction






4a  +  2b  +  3c
3m2  -  6n2


 +6a  +    b  +  7c
  -3m2  -  8n2


 10a  +  3b  + 10c
6m2  +  2n2

Signs of Grouping

Certain symbols such as parentheses ( ), brackets [ ] and braces { } are used to group several quantities which are affected by the same operation and must be treated as a single quantity.  For example, in the expression (4a2  -  3ab) - (3a2 + 2ab), the entire quantity of (3a2  +  2ab) is subtracted from the first term.  In removing a symbol or grouping that is preceded by a minus sign, change the signs of all terms included by the symbol.


-(3a2 + 4ab - x) becomes - 3a2 - 4ab + x

When one symbol of grouping appears within another, it is best to remove one set of grouping symbols at a time starting with the innermost symbol first.


-[2am - (2a2 + 5am) + a2]

Remove inside parentheses to obtain


-[2am - 2a2 - 5am + a2]

Remove brackets to obtain


- 2am + 2a2 + 5am - a2
Combine terms to obtain


3am + a2

Multiplication

Multiplication of polynomials is similar to the arithmetical multiplication of numbers consisting of several digits.  Thus (2c2 - 3c - 5) (- 4c + 7) may be solved as follows:


[image: image1.png]2¢2 = 3¢ - 5§
X 4c + 7

14c? - 2lc ~ 35
- 83 + 12¢% + 20¢

- 83 + 26¢ - ¢ - 35





When multiplying, the sign, the exponent, and the coefficient must be considered.

Sign.  The product of two terms with like signs is positive.  The product of two terms with unlike terms is negative.


(+a)  X  (+b)  =  ab


(-a)  X  (-b)  =  ab


(-a)  X  (+b)  =  -ab

Be careful to keep the proper sign when multiplying a long series of terms.


(-a)  X  (-b)  X  (-c)  =  -abc

Exponent.  The exponent of any letter in the product is the sum of the exponents of the factors with the same base.


a2  X  a3  =  a(2 + 3)  =  a5

a2  X  b3  X  a4  X  b2  =  a(2 + 4)  b(3 + 2)  =  a6  b5
Coefficient.  The arithmetical coefficient of the product is the product of the absolute values of the coefficients of the terms being multiplied.


6x2  X  2x5  =  12x7

6X2  X  2y5  =  12X2y5
Division

Division of one polynomial by another is similar to long division in arithmetic.  One difference is that the dividend, divisor, and remainder (if there is one) must be arranged in order of ascending or descending powers of some letter.
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Solution:

[image: image3.png]10c” — 3¢ - 12
3¢t + 2c - 4)30c* + 11¢° - 82¢* - Sc+ 3
30¢* + 20c® ~ 40¢?
- 9c® — 42¢? - Sc
- 9¢3 — 6c*+ 12¢
-36c3 - 17c + 3
= 36c? - 24c + 48
*h—-ﬁ(remamder)




In the division of polynomials, the sign, exponent, and coefficient must again be taken into consideration.

Sign.  The quotient of two positive or two negative quantities is positive; the quotient of a positive and negative quantity is negative.


(+a)  (  (+b)  =  +
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(-a)  (  (-b)  =  +
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(-a)  (  (+b)  =  -
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Exponent.  The exponent of any letter in the quotient is the difference of the exponents of the factors with the same base.
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In division, there is the possibility of obtaining zero and negative exponents.  Any quantity with a zero exponent is equal to one.
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Any quantity with a negative exponent is equal to the reciprocal of that quantity with the corresponding positive exponent.
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Coefficient.  The coefficient of the quotient is the absolute arithmetic value of the dividend divided by the divisor.
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THE MATHEMATICS

Solving Equations

Axioms.  An equation is a statement that two quantities are equal.  In solving an equation, you have to use axioms (statements accepted as true without proof).  The following are a few of the more commonly used axioms plus examples that illustrate how they are used to solve problems.

· If the same number is added to or subtracted from each side of an equation, the result is still an equation.


x - 5  =  3

Add 5 to each side.


x - 5 + 5
=
3 + 5


x
=
8

· If both sides of an equation are multiplied or divided by the same quantity (not zero), the result is still an equation.


5x  =  25

Divide by 5.
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x  =  5

· If like roots or powers are taken of both sides of an equation, the result is still an equation.
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Square both sides.


x  =  22

x  =  4

Forming and Solving Equations.  The solving of general equations cannot be explained by any set of rules, for these rules would not hold true in every case.  The most important single thing to remember is to thoroughly understand what must be translated into mathematical language from the facts or wording of the problem being considered.  The items below will help you to understand this.

· Carefully read the problem.  Be sure you understand all facts and relationships.

· Determine exactly what you are looking for (the unknown quantity) and designate it by a different letter.  If more than one unknown exists, try to represent them in terms of each other.

· Select two expressions based on the facts of the problem that represent the same quantity and place them equal to each other.  The equation, thus formed, can then be solved for the unknown.

Example:

The first angle of a given triangle is 40o less than the second angle.  The first angle is greater than the third angle by 10o.  Since the sum of the three angles in any triangle is 180o, how many degrees does each angle contain?

Solution:

First angle  =  second angle - 40o
First angle  =  third angle + 10O
Let x  =  first angle.

Therefore, second angle  =  x + 40O and third angle  =  x - 10O
Select two expressions and place them equal to each other.

x  +  (x  +  40O)  +  (x  -  10O)
=
180O

3x  +  30O
=
180O

3x
=
180O  -  30O

3x
=
150O

x
=
50O  =  first angle

50O + 40O
=
90O  =  second angle

50O + 10O
=
40O  =  third angle

Factoring.  Factoring is the process of finding two or more quantities, each called a factor, whose product is equal to a given quantity.  For example, factoring the expression ax + ab - az would produce the expression a(x + b - z) which is still equal in value to the original expression.

Fractions and Fractional Equations.  A fraction is an indicated division in which the numerator is the dividend, and the denominator is the divisor.  The value or ratio of the fraction is unchanged if both numbers are multiplied or divided by the same number (not zero).  Dividing both numerator and denominator by the same number is called reduction to lower terms.
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Addition and Subtraction.  Fractions may be added to, or subtracted from, each other only when they have a common denominator.  If the denominators are not alike, you may have to restate the fractions in terms of equivalent fractions with each having what is known as a least common denominator (LCD).
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Since the least common denominator is 60, the problem resolves into the following equivalent expression.
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Multiplication.  Multiplication of two fractions involves finding the product of both the numerators and the denominators.  Frequently, it is possible to further reduce the resulting answer by factoring out common terms and dividing or "cancelling out" these terms.
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Complex fractions.  Complex fractions are fractions which contain fractions in both the numerator and denominator.  They may be solved as simple division problems.
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Solution:
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Simultaneous Linear Equations.  Simultaneous linear equations are two or more equations that contain only first powers of the unknown quantities and no products of unknowns.  They are also equations that have only certain common values of the unknowns.  You can solve for the unknowns obtained by graphing, by elimination by addition or subtraction, by elimination by substitution, or by using determinants.  Of these methods, elimination by subtraction is the most common.  Solve for e and i in the following two equations.

2e  +  10i  =  25
(1)

5e  -  8i  =  46
(2)

Solution:

Multiply equation (1) by 4, and get
8e  +  40i  =  100.
(3)

Multiply equation (2) by 5, and get

25e  -  40i  =  230.
(4)

Add equation (4) to equation (3).

  8e  +  40i  =  100
(3)

25e  -   40i  =  230
(4)

33e  +    0   =  330
(5)

Divide equation (5) by 33, and get

e  =  10.
(6)

Substitute the value of e from equation (6) in either equation (1) or (2)

2(10)  +  10i
=
25
(1)

20  +  10i
=
25


10i
=
25  -  20


i
=
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Therefore, for the given conditions:


e  =  10.


i  =  
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Exponents, Radicals, and Complex Numbers

Exponents.  Remember that an exponent is a number or letter multiplied by itself some indicated number of times.  Remember, too, that a number raised to the zero power is equal to 1 (xO  =  1), and that a negative exponent is the same as the reciprocal of the quantity to the same positive exponent (x-2  =  1/x2).  Now consider the significance of a fractional exponent.  By squaring the quantity x1/2, you obtain (x1/2)(x1/2).  By adding the exponents (x1/2 + 1/2), as in any other multiplication of exponential numbers, we now obtain x1 or x as the result.  By reversing these procedures, you can state that the square root of x is x1/2.  Also, by the same reasoning, (x1/3) is the cube root of x and so on.  In the expression x2/3 (which reads x to two-thirds power), you can say that it is equivalent to the cube root of x2 or it can be expressed mathematically as 
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Radicals.  Sometimes it is necessary to simplify an expression involving radicals (square roots, cube roots, etc.) without changing its value.  It may be possible to divide the quantity under the radical (the radicand) into two factors and then take the root of one of the factors (see below).
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Should the quantity under the radical be a fraction, multiply both numerator and denominator by a number which will make it possible to extract the root of the denominator.
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Radicals may be multiplied by other radicals provided they are of the same root.  To do this, multiply the coefficients to get the new coefficient and multiply the radicands to get the new radicand of the product.
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Radicals may be multiplied by other radicals provided they are of the same root.  To do this, multiply the coefficients to get the new coefficient and multiply the radicands to get the new radicand of the product.
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Division of radicals is the reverse of multiplication.  Coefficient is divided by coefficient, and radicand is divided by radicand.
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It is usually better to eliminate the fraction under the radical.  The value 2√5/6 may be further changed as follows.
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Since fractions involving radicals in the denominator are normally clumsy to manipulate when solving algebraic expressions, it is often better to rearrange the fraction so that a whole number, a fraction, or mixed number will appear in the denominator only.  To eliminate a radical from the denominator of a binomial expression, use the process known as rationalization of the denominator.

In this instance, the numerator and denominator are multiplied by the conjugate of the denominator.  (A conjugate is the same expression with the sign reversed between the terms.)  To illustrate this procedure, consider the expression
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where
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is the conjugate of
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Therefore,
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Complex Numbers.  Thus far you have dealt only with the roots of positive numbers.  Consider now negative quantities appearing under radicals, such as √-x or √-3.  There is no quantity that when squared, will produce -x or -3; therefore, the square roots of negative numbers are designated as "imaginary numbers."  The expressions √-x and √-3 can each be visualized as (√-1) (√x) and (√-1) (√3).  The term √-1 has been arbitrarily designated "i," an imaginary number equal to √-1.  (In electrical work and in this subcourse, the symbol "j" is used since the symbol "i" is used to designate current.)  The term √-x can now be further expressed as j√x, and the term √-3 can be expressed as j√-3.  The following relationship for j (or i) will prove helpful when solving problems involving imaginary numbers (figure 1-1).
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Figure 1-1.  Plotting Real and Imaginary Numbers.

The quantity √-1 is usually referred to as the "j operator" and is frequently used in the solution of alternating current problems.  Real and imaginary quantities can be graphically represented by four positions of a unit vector as in figure 1-1.  Positive real numbers are plotted horizontally to the right, and negative real numbers are plotted horizontally to the left.  Positive imaginary numbers are plotted vertically above the horizontal axis, and negative imaginary numbers are plotted vertically below the horizontal axis.

A complex number is the sum or difference of a real quantity and an imaginary quantity.  Thus, 5 + j3 and 2 - j2 are complex numbers.  Complex numbers can be easily combined if you combine the real and imaginary portions separately.


Add (5 + j3) and (2 -j2).
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Subtract (5 + j3) from (6-j4).
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Multiplication of complex numbers is identical to the procedure for the multiplication of binomials; however, whenever the term j2 appears in the final result it is replaced by its actual value of -1.
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Therefore,

10 - j4 - j26
=
10 - j4 - (-1)6


=
10 - j4 + 6


=
16 - j4

Division of complex numbers entails the rationalization of the denominator and division of the real number you get in the denominator into the numerator.  Consider the expression


(5 + j3)    (2 - j2).

You first rationalize the denominator by multiplying both numerator and denominator by the conjugate of the denominator.
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Simplify the new expression by replacing j2 with -1 and combining the terms as follows.
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0.5 + j2

Quadratic Equations

Equations assuming the general form ax2 + bx + c  =  0 are known as second degree or quadratic equations in x.  (The degree is established by the highest exponent value of x, which in this instance is x2.)  A quadratic equation may be solved by several methods, including graphing, completing the square, and factoring, or by using the formula 
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where a, b and c are respectively the coefficients of x2, x, and the constant term.  Before applying the formula, arrange the equation into the general form ax2 + bx + c  =  0.  The following example illustrates the use of the quadratic

formula.


Solve for x in the equation



x + 3x2  =  10.


Rearrange terms.



3x2 + 8x - 10  =  0

The coefficients for use in the formula are


a  =  3,


b  =  8,


c  =  -10.

Substituting in the formula and solving, you get

x
=
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=
- 3.59  or  0.93.

The quantity b2 - 4ac, which appears under the radical in the formula, is called the discriminant.  It indicates the type of roots.  If b2 - 4ac is positive, there are two real and unequal roots; if b2 - 4ac is negative, the roots are imaginary and unequal; if b2 -4ac equals zero, the roots are real and equal.
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